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The Cramér-Rao Lower Bounds (CRLB) are de rived for the dis place ment and strain es ti ma tion in di -
rec tions or thogo nal to the ul tra sonic beam axis, us ing a pre vi ously-described recorrelation method of
ax ial, lat eral and elevational mo tion es ti ma tion.  We also com pare it to the lat eral track ing method that
in volves the sole use of the ax ial sig nal in the trans verse di rec tion.  Our the o ret i cal r e sults, ver i fied with
sim u la tions and phan tom ex per i ments, show that elastography is ca pa ble of mea sur ing ax i al and trans -
verse strain at up to 10% ax i ally ap plied com pres sion.  Finally, we pre dict the per for mance of the es ti ma -
tion of the Pois son’s ra tio us ing de coup led ax ial and lat eral es ti mates that re sult from the recorrelation
method.
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1. IN TRO DUC TION

Elastography is an im ag ing tech nique that de picts the lo cal strain ex pe ri enced by the ul tra -
son i cally-scanned tis sue un der a static com pres sion.  Most com monly, tis sue strain is es ti  -
mated in the ax ial di rec tion; i.e., par al lel to the ul tra sonic beam sym me try axis, which i s also
the di rec tion of the ap plied com pres sion.  The ax ial tis sue strain is com puted by tak ing the
gra di ent of the ax ial dis place ment that oc curred due to the ap plied com pres sion.  The ax i al
dis place ment is es ti mated by us ing cross-correlation tech niques to com pute the lag be tween
pre- and postcompression ul tra sonic sig nals. 1  There fore, in its cur rent prac tice, elastography 
es ti mates strain in one di rec tion only, while as sum ing that strains in all other di rec tions are
com par a tively small and, there fore, neg li gi ble.  How ever, Kallel et al 2 have shown the o ret i -
cally and ex per i men tally that this as sump tion may lead to ma jor es ti ma tion er rors, es pe cially 
in the case of rel a tively larger strains.

These er rors are due to the fact that the es ti ma tion of strain in tis sues un der com pres sion is
in re al ity a three-dimensional prob lem, i.e., the three or thogo nal strain com po nents are not
sep a ra ble if the tis sue is in com press ible.  There fore, the es ti ma tion of one strain com po nent,
as is the case in elastography, is cor rupted by decorrelation noise due to mo tion in an or -
thogo nal di rec tion.  Cor rec tions should, there fore, be per formed in or der to re duce these er -
rors.  In fact, the cou pling co ef fi cient be tween strains in or thogo nal di rec tions is de scribed by 
a me chan i cal pa ram e ter, the Pois son’s ra tio (de fined as the ra tio of two or thogo nal strain
com po nents).

Re cently, Konofagou and Ophir3 de vel oped a method that com bines cross-correlation and
in ter po la tion to first es ti mate lat eral dis place ment and strain with high sig nal-to-noise ra tio,
and then use those displace ment es ti mates to cor rect the strain es ti ma tion in an or thogo nal
di rec tion. First, the postcompression rf sonogram un der goes global stretch ing by the amount 
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of ax ial com pres sion ap plied, in or der to in crease the cor re la tion (or, achieve a recorrel ation)
of the ini tial precompression with the cor rected postcompression rf sonogram. 4  Then, the
lat eral dis place ment is es ti mated us ing an in ter po la tion tech nique to over come the interbeam 
spac ing (or, pitch) lim i ta tion im posed by the trans ducer char ac ter is tics, and crosscorrel ation
(in the trans verse di rec tion) of the short precompression with the stretched postcompression
ax ial rf seg ments.  The re sult ing high pre ci sion lat eral dis place ment is then used to (a) es ti -
mate the lat eral strain and (b) shift the postcompression rf seg ments in the (op po site) lat eral
di rec tion by the amount of es ti mated dis place ment.  The lat ter step also achieves recor -
relation of the seg ments by re duc ing decorrelation due to lat eral mo tion.  The ax ial strain i s
then es ti mated by us ing the ini tial pre- with the cor rected postcompression sonogram.  The
same prin ci ple can be ap plied in a 3D set ting, where cor rec tion for the ax ial mo tion for al l
trans verse (or, or thogo nal to the ax ial di rec tion) mo tion es ti ma tion is ap plied and vice versa. 5

This method is called the ‘recorrelation method’ be cause it achieves an in crease of the ax -
ial and lat eral cor re la tion co ef fi cients (or, ax ial  and lat eral recorrelation, re spec tively)
through cor rec tion for the cor re spond ing mo tions.  This tech nique as sumes the use of a sin -
gle trans ducer/com pres sor unit and makes no as sump tions re gard ing the com press ibil ity
prop er ties of the tis sue. Fur ther more, the use of in ter po la tion over comes the trans ducer el e -
ment pitch lim i ta tion and pro vides high pre ci sion lat eral dis place ment es ti mates.  Kallel et
al 2 have shown that the cor re la tion co ef fi cient be tween echo seg ments de pends on the scal -
ing of the sig nal in the ax ial di rec tion due to strain and the dis place ment in the lat eral di rec -
tion.  There fore, this cor rec tion method uses tem po ral stretch ing in the ax ial di rec tion4,6  and
cor rects for lat eral mo tion3 to com pen sate for lat eral decorrelation.  Finally, the lo cal Pois -
son’s ra tio is es ti mated us ing de coup led ax ial and lat eral es ti mates.

Most ul tra sound-related pa pers deal ing with the biomechanical prop er ties of tis sues and,
more pre cisely, the re con struc tion of the elas tic modu lus7-10  have as sumed that all tis sues are
in com press ible, with a con stant Pois son’s ra tio very close to 0.5.  How ever, some patho log i -
cal tis sues such as edem a tous mus cle tis sues, 11 , lung tis sue12  (ν = 0.3) and car ti lage13  (ν =
0.18) have been shown to have lower Pois son’s ra tios and thus the sim ple a-priori as sump -
tion of incompressibility8-10  may re sult in er ro ne ous im ag ing of the elas tic modu lus. There -
fore, map ping the Pois son’s ra tio in tis sues serves a dou ble pur pose: it can help (a) ver ify the
the o ret i cal as sump tion and (b) de tect anisotropic, viscoelastic and/or poroelastic tis sues
with a mul ti tude of ap pli ca tions in the meat in dus try, tis sue en gi neer ing and edema treat ment 
mon i tor ing5.

Pre vi ously-developed the ory for lat eral mo tion es ti ma tion in volved ei ther the use of the
lat eral en ve lope14-16  or a 2D ker nel 15 in the es ti ma tion of lat eral mo tion.  Bonnefous17 first in -
tro duced a method for us ing the 1-D ax ial in for ma tion for 1-D lat eral track ing and ap plied it
to flow mea sure ments.  In this pa per, we in ves ti gate the the o ret i cal lim its in volved in the
strain es ti ma tion in a nonaxial di rec tion as mea sured us ing the afore men tioned method3

while com par ing it to the al ter na tive of us ing the lat eral en ve lope.  The for mer in volves the
use of the ax ial phase in the lat eral di rec tion af ter com pen sa tion for ax ial dis tor tion,  while the 
lat ter con sid ers the use of lat eral en ve lope for mo tion es ti ma tion, i.e., the ab sence of ax ial
phase.  Through out this pa per, the ory is de vel oped for lat eral es ti ma tion but it can be used to
en com pass es ti ma tion in any trans verse di rec tion.

In elastography, the strain fil ter18 serves both as a the o ret i cal frame work and a pre dic tion
tool for ax ial strain es ti ma tion.  The strain fil ter shows that the es ti ma tion of low strai ns is
mainly cor rupted by ran dom noise, while the es ti ma tion of higher strains is lim ited by
decorrelation noise due to both ax ial and nonaxial mo tion.  In this study, we de velop sim i lar
the o ret i cal pre dic tion tools that will show the the o ret i cal re la tion ship be tween sev eral pa -
ram e ters: (1) ul tra sonic pa ram e ters, such as the beam width, the interelement spac ing (or
pitch) and the cen ter fre quency; (2) sig nal pro cess ing pa ram e ters, such as the num ber of i n -
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ter po lates; and (3) me chan i cal pa ram e ters, such as the Pois son’s ra tio.  To gether they de ter -
mine the es ti ma tion of trans verse dis place ments and strains. Finally, we de velop opti mi -
zation cri te ria based on these the o ret i cal pre dic tions.

2. THEORY

In a 2D scan ning model with a 1D trans ducer, the point-spread func tion (psf) may be writ -
ten as a sep a ra ble func tion in the fo cal area, 16  viz.

where x and y are the ax ial and lat eral co or di nates, re spec tively, and pa(x) and pl(y) are the ax -
ial and lat eral psf com po nents, re spec tively. If we as sume a Gaussi an mod u lated emit ted
pulse, the ax ial psf com po nent be comes

and the lat eral psf com po nent of an unapodized, box car trans ducer ap er ture (not con sid er i ng
grat ing lobes) is 19

where x is the ax ial co or di nate,  σx is the pulse length in mm,  λ is the cen tral wave length of the
emit ted pulse, D is the az i muthal ap er ture width, y is the lat eral co or di nate, xr is the fo cal
length and F is the F-number of the trans ducer given by

Using this the o ret i cal model, we eval u ate the fun da men tal lim its on es ti ma tion of the lat -
eral dis place ment, lat eral strain and Pois son’s ra tio.  In the case of lat eral mo tion estimation,
we con sider two 1-D cases.  First, the case where the lat eral en ve lope is used for lat eral track -
ing and sec ond, the case where the ax ial sig nal is used in the lat eral di rec tion for mo tion es ti -
ma tion in the same di rec tion.

A. The o ret i cal bounds on the es ti ma tion of lat eral dis place ment and lat eral strai n

1. Using the ax ial sig nal

In this sec tion, we de velop the the ory that de scribes the use of 1D ax ial sig nal in for ma ti on
for 1D lat eral dis place ment, strain es ti ma tion and recorrelation and then con trast it with t he
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per for mance of the lat eral en ve lope method pre vi ously de scribed.  The lat eral strain is de -
fined as the gra di ent of the lat eral dis place ment, i.e., 

where $τ l1  and $τ l2  are two lat eral dis place ment es ti mates (or, lat eral shifts) com puted by
crosscorrelating pre- and postcompressed rf (ax ial) seg ments (sep a rated by a lat eral dis tance
∆b, which in this case is equal to the pitch).   In ap pen dix A, based on the der i va tion by Zagar
et al, 20 we show the fol low ing ex pres sion link ing the nor mal ized stan dard er ror in the es ti ma -
tion of the cross-correlation func tion (R12 (τ)) to the vari ance of the es ti mate of the shift τ,
σ2($τ),

where B is the band width,  f0 is the cen ter fre quency of the trans mit ted pulse and $τ is the es ti -
mated time de lay.  Eq. (6) is the first term of a Tay lor ex pan sion ap prox i ma tion and was de -
rived un der the valid as sump tions that the precompressed and postcompressed sig nals have a 
Gaussi an am pli tude dis tri bu tion and that both in te gra tion time and the time-bandwidth prod -
uct are suf fi ciently large, i.e., T≥10τ  and BT≥5, where T is the win dow size.  Through out this 
sec tion, ̂  de notes the es ti mated value of a pa ram e ter and its ab sence de notes the true val ue of 
the same pa ram e ter. 

By def i ni tion of the nor mal ized stan dard er ror ε, we have21

where A is an as sumed con stant of pro por tion al ity be tween the er rors in the es ti ma tions of
the crosscorrelation func tion and cor re la tion co ef fi cient, and ρ12  is the cor re la tion co ef fi cient 
given by

and R11 (0) and R22 (0) are equal to the autocorrelations at τ  = 0 of pre- and postcompressed
sig nals, re spec tively.  From Eqs. (6), (7) and (8) we ob tain
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How ever, since we are es ti mat ing the peak of the cross-correlation co ef fi cient, the true cor -
re la tion co ef fi cient is one, i.e., ρ2

12(τ) = 1(where τ is the lag, at which ρ2
12  is max i mum) and,

there fore, Eq. (10) be comes

Both the ax ial dis place ment es ti ma tion and the lat eral track ing meth ods use the cor re la tion 
co ef fi cient of the ax ial sig nal, ρ ρ12 = $, to es ti mate the ax ial shift ($τa) and lat eral shift ($τl).
There fore, Eq. (11) be comes

or,

since for the band width and cen ter fre quency of the lat eral PSF, we have, re spec tively,  Bl ≅
1/b,  where b is the band width, and  f0l = 0 (see Eq. (A.1)).  We then find the re la tion ship be -
tween the stan dard de vi a tion of the lat eral shift es ti mate and the stan dard de vi a tion of the ax -
ial shift es ti mate to be

or
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where lp de notes the pulsewidth or range gate size ( ≅ 1/b), B = Ba and b1 is the frac tional
band width (=Ba/f oa). Eq. (13) can also be writ ten as fol lows

where A b1 1
2

= +1 3 / .  Eq. (14) is very important in the sense that it shows that the
estimation of the lateral versus the axial shift (or, displacement) is related to the ratio of the
lateral to the axial ultrasonic resolution (assumed equal to the pulsewidth).  In other words,
the closer the lateral resolution to the axial resolution, the more comparable the two
estimations become.   In a typical ultrasound system setting, we have b1 = 0.6 (60% relative
bandwidth), a beamwidth equal to 1 mm and a range gate size also equal to 1 mm. 22   In that
case, σ τ σ τ($ ) ($ )l a≅ 3 .  In a more preferred setting, the relative bandwidth is 100% and then 
σ τ σ τ($ ) ( $ )l a≅ 2 . The additional advantage of increasing the relative bandwidth is the fact
that the estimation of the time shift fur ther im proves. 18    However, although Eq. (14) implies
that the axial and lateral shifts can be estimated at comparable precision, the lateral shift
estimation should be more corrupted by estimation noise.  The fundamental principle behind
this comparable precision is that the correlation coefficients describing the estimation of
axial and lateral motion are equal (see figure 9) and this is achieved only when motions are
decoupled and corrected for, i.e., with the recorrelation method.

In or der to de ter mine the Lat eral Strain Fil ter (LSF), which de scribes the es ti ma tion of t he
lat eral strain from the lat eral shifts, or dis place ment, es ti mates, we need to as so ci ate t he vari -
ance of the lat eral strain to that of the lat eral dis place ment of Eq. (12).   From Eq. (1),  the
vari ance of the strain es ti mate is given by    

. The van Cittert-Zernike the o rem23,24  pre dicts that for two points in a nonapodized, rect an -
gu lar ar ray with com mon trans mit and re ceive el e ments, the cor re la tion co ef fi cient of the
speckle echo data re ceived at the two el e ments at a dis tance ∆b and since the two lat eral shift
es ti mates are also taken at the same dis tance ∆b apart, is given by 

where b is the -6 dB beamwidth.  Since

by as sum ing that
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we obtain from Eqs. (15), (16), (17) and (18)

which is sim i lar to the re sult in the case of the ax ial strain es ti ma tion vari ance de rived by
Céspedes et al. 25

The lower bound of σ τ($ )l  is given by the Ziv-Zakai lower bound18 , i.e.,  

The up per bound on the sig nal-to-noise ra tio in the lat eral strain es ti ma tion is de fined by

where $ε l  is the mean lat eral strain es ti mate, and, in com bi na tion with Eqs. (13) and (21),
leads to the Lat eral Strain Fil ter (LSF) for mula ex pressed by
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where SNRs and SNRc are the sonographic and com pos ite sig nal-to-noise ra tios, 18  re spec -
tively and η and γ  are the thresh old lim its. 18    The reader should note that the cor re la tion co ef -
fi cient ρ is the same in both the Ax ial Strain Fil ter (ASF) and Lat eral Strain Fil ter (LSF) and
is given by

ρ = ρaρl, (23)

where ρa is the axial correlation coefficient given by Eq. (2) (we assume  that the psf can be
characterized by the autocorrelation function and vice versa) and ρl is the lateral correlation
coefficient given by Eq. (3) and

or

where x and $x are the true and es ti mated lat eral cor re la tion peak po si tions, re spec tively, and
A is a con stant that ad justs for the beam level, where the beam width is mea sured, and the
sinc-to-Guassian equivalence. 26    Interpolation tech niques are used to better es ti mate the true
peak due to the scarce lat eral sampling.  In other words, the dis tance be tween the true and
estimated cor re la tion peak is re duced with the num ber of interpolates.  This trans lates to the
fact that the ef fec tive pitch is also re duced due to the in ter po la tion. Eq. (24) then be comes
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or

where ∆b is the orig i nal pitch of ad ja cent A-lines (as de fined by the ul tra sonic sys tem) and N
de notes the num ber of interpolates.  From Eqs. (22) and (25) it is im por tant to note that the
LSF de pends on the pitch-to-beamwidth ra tio; the higher the pitch-to-beamwidth ra tio (or,
equiv a lently, the lower the beam overlap), the higher the area un der the SF and, there fore, the 
better the per for mance of the es ti ma tor (Figs. 1, 2).

From Eq. (22) we can de duce that the pa ram e ters af fect ing the es ti ma tion of strain in the
lat eral di rec tion are the beam width (Fig. 1), in ter po la tion (Fig. 2), pitch (Fig. 3), band width
(Fig. 4), cen ter fre quency (Fig. 5a) and sonographic sig nal-to-noise ra tio (Fig. 5b).  From
Figs. (1)-(5), we con clude that the op ti mal con di tions for lat eral strain es ti ma tion are high
cen ter fre quency, large band width, fine beam width (low beam over lap), high sonographic
sig nal-to-noise ra tio, large pitch and in ten sive interpolation.  The reader should note that the
beam width and the cen ter fre quency are not independent.  Except when oth er wise in di cated,
figures (1) to (5) were gen er ated us ing 5 MHz cen ter fre quency, 50% fractional band width, 1 
mm beam width, 0.4 mm pitch, a 1000:1 in ter po la tion scheme and 40 dB sonographic sig -
nal-to-noise ratio.  The ul tra sonic pa ram e ters were cho sen to match those of our ex per i men -
tal setup us ing a real-time lin ear ar ray scan ner (Diasonics Spec tra II, Santa Clara, CA, USA).
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2. Using the lat eral en ve lope

A straight for ward lat eral track ing method, whose per for mance has been pre dicted in the
lit er a ture, 14,15 uses the lat eral en ve lope to es ti mate mo tion in the lat eral di rec tion.  Be low we
de rive the the o ret i cal re sult for this method in its ap pli ca tion of lat eral strain es ti ma tion.  Lat -
eral strain ($ε l ) is the dis place ment gra di ent, which is es ti mated from two ad ja cent dis place -
ment es ti mates sep a rated by a spa tial in ter val (∆x), viz. 
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where $d1  is the dis place ment es ti mate at lat eral dis tance  x, and $d2  is the Cramér-Rao Lower
Bound (CRLB) dis place ment es ti mate at lat eral dis tance x + ∆x.   The reader should note that
al though the pa ram e ter be ing es ti mated is also the lat eral dis place ment, we choose to re fer to
it in this sec tion by ‘d’ in stead of  ‘τ’ to em pha size the fact that in the for mer case, the lat eral
en ve lope in stead of the ax ial sig nal is used.  Since the strain es ti mate is ob tained from a lin ear 
com bi na tion of two ran dom vari ables (dis place ment es ti mates sep a rated by ∆x), the vari -
ance of the strain es ti ma tor de pends on the vari ance of the dis place ment es ti ma tor.  As -
suming that the echo sig nal is sta tion ary, the lower bound on the vari ance of the strain
es ti mate (σ ε$

2 ) is ex pressed in terms of the lower bound on the vari ance of the dis place ment
es ti mates (σ $d

2 ) in Céspedes et al. 25 , and is given by            

where x is the length of the cross-correlation win dow and the dis place ment vari ance is given
by (as shown in ap pen dix B)

where fom de notes the max i mum fre quency of the spec trum of the lat eral PSF, and c is the
speed of sound.  Eq. (27) il lus trates that for a given win dow length (x) and over lap (∆x), the
strain vari ance is re duced when the vari ance in the dis place ment es ti mate is min i mized.   Fig -
ure 6 shows the ad van tages of lat eral track ing us ing the rf sig nal in stead of the lat eral en ve -
lope.  It com pares the the o ret i cal up per bounds on the sig nal-to-noise ra tio us ing the lat  eral
en ve lope ver sus the rf sig nal and shows an or der of mag ni tude im prove ment us ing the lat t er.
The lat eral en ve lope re sult cor rob o rates other the o ret i cal re sults re ported in the lit  er a ture on
the poor per for mance of lat eral track ing es ti ma tion us ing the lat eral en ve lope. 14-16    How ever, 
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the lat eral en ve lope method suf fers from less decorrelation noise (at very high strains) where
the ax ial phase method fails and the com bi na tion of the two meth ods can be use ful in a dy -
namic range ex pan sion method.  27

2. Ver i fi ca tion of LSF with sim u la tions and ex per i ments

In or der to ver ify the the ory de scribed above, we gen er ated sim u lated and ex per i men tal
LSFs with spe cific sig nal pro cess ing and ul tra sonic pa ram e ters.  Both sim u lated and ex per i -
men tal LSFs were gen er ated by plot ting SNRe (cal cu lated us ing Eq. (21)) vs. the ap plied ax ial 
strain, which, in the case of a ho mo ge neous tar get, is as sumed pro por tional to the tis sue
strain. 18   In the case of the sim u la tion, the an a lytic so lu tion of a ho mo ge neous phan tom with
stiff ness equal to 21 kPa and a Pois son’s ra tio of 0.495 was used. 10    Ax ial strains from 0.1%
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to 21% were ap plied in a 2D plane strain model.  The pitch was equal to 0.4 mm and the
beam width equal to 1 mm, the lin ear in ter po la tion scheme was equal to 64:1, the cen ter fre -
quency was 5 MHz and the sonographic sig nal-to-noise ra tio (SNRs) was 40 dB.  In the case
of the ex per i men tal ver i fi ca tion, a 90 x 90 x 90 mm3 gel a tin phan tom con tain ing graph ite
scat ter ers (sup plied by Dr. Tim o thy Hall 34) was scanned us ing the Diasonics Spec tra scan ner
with the same ul tra sonic pa ram e ters as those used in the sim u la tion ver i fi ca tion, ex cept for
the beam width2 be ing equal to 0.4 mm and SNRs equal to 30 dB. 18   An other dif fer ence be -
tween sim u la tion and ex per i ment is that mo tion in the ex per i men tal set ting was three-
 dimensional, while in the sim u la tion a plane strain model was as sumed.  Fig ure 7 shows the
the o ret i cal, sim u la tion and ex per i men tal LSFs us ing the spec i fi ca tions above.  Five dif fer ent 
ren di tions of the same ho mo ge neous tis sue al lowed the gen er a tion of the plot with er ror bars
equal to one stan dard de vi a tion.  Fig ure 8 shows the the o ret i cal, sim u la tion and ex per i men tal 
ASFs be fore and af ter cor rec tion for the lat eral decorrelation.  Note how for both high and
low strains the sim u lated ASF af ter cor rec tion fur ther ap proaches the the o ret i cal up per
bound.  Ac cord ing to Eq. (22), the lower beam width, lower SNRs and 3D mo tion decor -
relation cause both ASFs and LSFs to have lower SNRe and DRe in the ex per i men tal case
(Figs. 7b, 8b) than in the sim u la tion re sults (Figs. 7a, 8a).  How ever, the most fun da men tal
con clu sion to draw from fig ures 7 and 8 is that both ax ial and lat eral recorrelation ex pand t he
dy namic range and in crease the over all sig nal-to-noise ra tio at low as well as high strains in
both ax ial and lat eral strain es ti ma tion.  There fore, es ti ma tion should be pre ceded by
recorrelation whether es ti mat ing strain in 1D, 2D or 3D.  Finally, in fig ure 9, we ver ify with
the same sim u la tions of fig ures 7 and 8 that the cor re la tion co ef fi cients as so ci ated with the
ax ial and lat eral dis place ment es ti mates fol low the the o ret i cal equa tions both be fore and af -
ter cor rec tion for ax ial and lat eral de correlation (Eqs. 23 and 24).  More im por tantly, they at -
tain the same level only af ter recorrelation both at low and high ap plied strains (i.e., at low
and high decorrelations), thereby show ing the va lid ity of the as sump tion in the der i va tion of
Eq. (12) in the case of the recorrelation method.  Finally, the lat eral recorrelation achieves the 
same re sult, i.e., stationarity of the cor re la tion co ef fi cient, as does the lat eral con fine ment
shown in Kallel et al. 2  As a re sult, the lat eral con fine ment can be avoided in the case where
lat eral track ing is per formed.
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2.  The o ret i cal bounds on the es ti ma tion of the Pois son’s ra tio 

The stan dard de vi a tion as so ci ated with the Pois son’s ra tio es ti ma tion can be given by

where $ν is the es ti mated Pois son’s ra tio and $ε l  and $ε a  are the es ti mated lat eral and ax ial
strains, re spec tively. Bilgen28 has shown that the strain es ti mates fol low a Gaussi an dis tri bu -
tion. There fore, the two vari ables, i.e., ax ial and lat eral strain, could be viewed as jointly
Gaussi an, and their joint prob a bil ity den sity func tion is equal to 29
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where ρ is the cor re la tion co ef fi cient, and σa and σl (given by Eq. 19) are the vari ances
characterizng ax ial and lat eral strain es ti ma tions, re spec tively.  Their ra tio ν= εl/εa has a
prob a bil ity den sity equal to 29
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which sat is fies the con di tion21  

The vari ance of the ran dom vari able ν is de fined as
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where

denotes the mean-square value and   

is the def i ni tion of the mean of the ran dom vari able ν.21

Using Eqs. (34) and (36), we de rive (us ing an in te gral look-up ta ble) the vari ance in the es -
ti ma tion of the Pois son’s ra tio given by

where 
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and where cov($ , $ )ε εa l  is the covariance between the axial and lateral strains.  The re -
correlation method achieves decoupling of the axial and lateral mo tions.  There fore, after
decoupling, the lateral and axial strains can be considered uncorrelated, i.e., in Eq. (37),  ρ = 0
and the variance can have a simpler form given by

The up per bound on the Pois son SNRe, de fined by

can then be computed by using the Cramér-Rao Lower Bounds of the axial and lateral vari -
ances.   Fig ure 10 was generated using Eqs. (40) and (39)  and plots the Poisson Filter, i.e.,
the upper bound of the Poisson SNRe versus the estimated Poisson’s ra tio, and corroborates
the theoretical result with 2D simulations using the analytical solution of a circular inclusion
embedded in an infinite back ground. 3  Note how the performance (measured by SNRe)
improves at higher Poisson’s ratios and that the contrast-to-noise ratio should increase with
the higher contrast in Poisson’s ratios within the tar get.  Since most soft tissues have
Poisson’s ratios close to 0.5, the Poisson’s ratio estimation method applied on soft tissues
should yield high quality Poisson’s ratio elastograms. 

3. CON CLU SIONS

In this study, we de vel oped the the o ret i cal tool for pre dic tion of the per for mance of lat  eral
(or, trans verse) mo tion es ti ma tion.  The two es ti ma tors con sid ered were the recorrelation
method and the lat eral en ve lope method.  The recorrelation method cor rects the ax ial sig nal
for ax ial dis tor tion and tracks it in the lat eral di rec tion.  The lat eral en ve lope method uses the
lat eral en ve lope for lat eral track ing.  We showed the o ret i cally that the use of the ax ial  sig nal
in es ti mat ing lat eral mo tion leads to a sig nif i cant in crease of the sig nal-to-noise ra ti o of the
lat eral strain es ti ma tion com pared to the es ti ma tion us ing the lat eral en ve lope due to the in -
her ent pre ci sion of the ax ial phase.  The per for mance of lat eral track ing es ti ma tion in creases
with the band width, the cen ter fre quency, the pitch-to-beamwidth ra tio, the sonographic sig -
nal-to-noise ra tio, the in ter po la tion fac tor and the de gree of recorrelation (or, the cor re la tion
co ef fi cient).  The per for mance of the lat eral strain es ti ma tor us ing the recorrelation method
could be equal to that of the axial strain es ti ma tion within a fac tor of 2-3, as sum ing that t he
ax ial and lat eral res o lu tions are equally close.  The the o ret i cal mod els were ver i fied us ing 2D 
sim u la tions and ex per i ments on uni form phan toms and the the o ret i cal lat eral as well as ax ial
Strain Fil ters be fore and af ter cor rec tion were cor rob o rated.  The sig nif i cance of the
recorrelation was dem on strated by show ing the in crease in the sig nal-to-noise ra tio and dy -
namic range of the Strain Fil ters fol low ing the recorrelation.  Finally, the the o ret i cal Poi s son
Fil ter was de scribed that char ac ter izes the es ti ma tion of the Pois son’s ra tio.  The higher the
Pois son’s ra tio to be es ti mated, the higher the sig nal-to-noise ra tio in the es ti ma tion and,
there fore, in soft tis sues where the Pois son’s ra tio is close to 0.5, the es ti ma tor should yield
the best re sults.
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AP PEN DIX A

Der i va tion of the ex pres sion re lat ing the vari ances in the es ti ma tions of the shift and 
of the mag ni tude of the peak cor re la tion

In this sec tion, we de rive the ex pres sion that links the vari ance in the es ti ma tion of the cor -
re la tion peak mag ni tude to the vari ance in es ti ma tion of the lo ca tion of that peak, or es ti -
mated shift.  The der i va tion is based on sim i lar der i va tions ob tained by Jensen22  and Zagar et
al20  but here we ex pand them and take care of pre vi ous er rors made. 

In or der to es ti mate the vari ance in both the ax ial and lat eral shifts (and com pare them), we
need to de rive an ex pres sion that is gen eral enough to en com pass both cases.  Both Eqs. (1)
and (2) that de scribe the ax ial and lat eral PSFs can be sum ma rized into the fol low ing ex pres -
sion, de scrib ing the autocorrelation of a pulse with power spec tral den sity of band width B
and cen ter fre quency f0 given by

where A is a scal ing con stant that also com pen sates for the Gaussi an-to-sinc equiv a lence26  in
the case of the ax ial PSF (Eq. (1)).  The lat eral PSF is given by Eq. (A.1), since in that case f0 =
0 and B=1/b.  By ap ply ing a Tay lor ex pan sion on both terms of Eq. (A.1), we ob tain

The vari ance in the es ti ma tion of the cor re la tion peak R(0) is de fined as

and from Eq. (A.2) we have
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By as sum ing that the lo ca tion τ fol lows a Gaussi an dis tri bu tion with zero mean and vari -
ance σ(τ), we have21   and Eq. (A.4) be comes

where

is the def i ni tion of the nor mal ized mean-square er ror. 21  Eq. (A.5) is es sen tial in the der i va -
tion of the Lat eral Strain Fil ter pre dict ing the per for mance of the lat eral track ing and
recorrelation method.

AP PEN DIX B

Der i va tion of the Lat eral Strain Fil ter for mo tion track ing us ing the lat eral PSF

The be hav ior of the up per bound of the SNRe as a func tion of lat eral tis sue strain at a fixed
win dow length forms a bandpass fil ter in the strain do main.   The up per bound of the SNRe  is
ob tained when the to tal tis sue strain (st) and the tight est lower bound on the strain es ti ma tion
stan dard de vi a tion (σ ρ( $) ,s ZZLB

(1 ) the mod i fied Ziv-Zakai lower bound)  is used to com pute
SNRe  given by

In cor po rating the mod i fied Ziv-Zakai lower bound (ZZLB) ex pres sion for the time-delay
es ti ma tion (TDE) vari ance for lat eral the lat eral en ve lope from the treat ment of Weinstein
and Weiss30 and us ing Eq. (B.1), we ob tain
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(1) The lower bounds on the strain estimation variance are denoted with an additional subscript ρ to indicate that
these variances are computed for partially correlated signals.  These lower bounds converge to the classical 
bounds when ρ = 1.



where SNRc  rep re sents the com pos ite sig nal-to-noise ra tio, and β and ψ are the thresh olds
(Eq. (B.2)).  Equa tion (B.2) il lus trates the two dis tinct op er at ing re gions for σ ρ( $) ,s ZZLB , de -
pend ing on the value of (2foy Z/c)SNRc.  A dis tinct thresh old re gion is ob served be tween the
Cramér-Rao lower bound31,32  (CRLB) and the con stant vari ance level.  The vari ance in -
creases ex po nen tially in this thresh old re gion. 30   Ac cu rate es ti ma tion of the strain is pos si ble
only within the CRLB.  Since the lat eral en ve lope con tains no phase in for ma tion, the
Barankin bound (in creased vari ance level due to peak-hopping er rors caused by the pres ence 
of phase am bi gu ities in RF sig nals) is ab sent.

Ex pres sion for the Cramér-Rao lower bound us ing the lat eral en ve lope

In this sec tion, we de rive a CRLB ex pres sion for the vari ance of the dis place ment es ti ma -
tor us ing the lat eral en ve lope.  The fol low ing der i va tion is based on the treat ment for par -
tially cor re lated sig nals by Walker and Trahey. 32   The CRLB can be achieved only for
zero-strain.  How ever, the ex pres sion of the CRLB de rived by Walker and Trahey32   in -
creases the bound on the vari ance to a more achiev able level by in cor po rat ing the ef fect of
sig nal decorrelation.   The lower bound on the vari ance of the jit ter for any un bi ased dis place -
ment es ti ma tor is given by Carter31  as

where Z is the cross-correlation win dow length, c is the speed of sound in tis sue, k is the wave 
num ber, and C kr r1 2

( ) is the mag ni tude-squared co her ence func tion de fined as

where G kr r1 2
( ) is the cross power spec trum of the pre- and post-compression sig nals (r1(z)

and r2(z) re spec tively), while G kr r1 1
( ) and G kr r2 2

( ) are their re spec tive autospectra.  An a lyt i -
cal ex pres sions for the cross- and auto-power spec tra have been de rived by Walker and
Trahey32  for par tially cor re lated sig nals, and  are  given  by

where ϑ e1
,  ϑe2

, ϑn1
, ϑ n2

,are the root mean squared  (rms) am pli tudes of  e1 (z),  e2 (z), n1 (z),
and  n2 (z ) re spec tively, ρ is the cor re la tion co ef fi cient be tween e1 (z) and  e2 (z), G kee ( ) and 
G knn ( ) are func tions rep re sent ing the shape of the sig nal and noise power spec tra scaled such
that their in te gral is unity.  In ad di tion, the cross cor re la tion be tween e1 (z) and  e2 (z) is as -
sumed to have the same shape as the auto-correlation of ei ther sig nal, scaled to ac count for
sig nal decorrelation and sig nal am pli tude.  The re sults in Eq. (B.4) are sub sti tuted into Eq.
(B.3) to ob tain a lower bound on the per for mance of the dis place ment es ti ma tor.
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To ob tain a closed form so lu tion, bandlimited spec tra are as sumed for both the sig nal and
the noise and span ning the same fre quency spec trum. For the lat eral PSF (sinc squared), we
ob tain a tri an gu lar spec trum

where foy  = λz/D, for cen ter wave length λ, range z and ap er ture size D. The equiv a lent square
spec trum for the sinc squared func tion is given by

  Substituting Eq. (B.6) into Eq. (B.7), and com put ing the lower bound on the dis place ment
es ti ma tion vari ance we ob tain

where SNR e n1 1 1
= ϑ ϑ/  and SNR e n2 2 2

= ϑ ϑ/  are the elec tronic (sonographic) sig nal to
noise ra tios in the pre- and post-compression sig nals.  Gen erally SNR1 ≅ SNR2, lead ing to a
sim pli fi ca tion of the ex pres sion for vari ance of the dis place ment es ti ma tor, that is gi ven by

   This ex pres sion pre dicts the lower bound on the jit ter er rors in curred while es ti mat ing the 
dis place ment be tween two par tially cor re lated lat eral en ve lopes cor rupted by elec tronic
noise. The cor re la tion co ef fi cient used in Eq. (B.9) var ies with ap plied strain and is it self also 
de pend ent on the win dow length (X) used to com pute the nor mal ized cross-correlation func -
tion. An ex pres sion for the ef fec tive lat eral cor re la tion co ef fi cient that de pends on t is sue
strain, lat eral en ve lope decorrelation and the fi nite length win dow is de rived in the next sec -
tion.

Ex pres sion for the ef fec tive lat eral cor re la tion co ef fi cient.

The fol low ing ex pres sion for the cor re la tion co ef fi cient is based on the treat ment of
Bilgen and Insana33  and is mod i fied in this work for lat eral en ve lopes. For the tis sue and ul -
tra sound sys tem model de scribed in sec tion 4.5, the cross-correlation func tion, be tween the
pre- and the post-compression sig nals is cal cu lated us ing
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where the square bracket  < . > de notes the en sem ble av er age, and  z′ de notes the shift vari -
able.  The autocorrelation func tions $ ( )Γ11 tz  for the pre- and $ ( )Γ22 ′z  for the post-compression
sig nals are also com puted. The ef fec tive cor re la tion co ef fi cient can be writ ten as

The term ρPEAK rep re sents the peak cor re la tion co ef fi cient due to the two-point en sem ble
av er ag ing (Bilgen and Insana33 ).  The peak cor re la tion co ef fi cient for lat eral en ve lopes can
be ex pressed as fol lows

where

The fac tor M in Eq. (B.11) is due to the fi nite ness of the win dow length and is given by the
in te gral

For zero strain,  s =0, a = 1 and one can show that M= 1 in the limit.  Non zero strains, on the
other hand, yield M<1 and con se quently re duces the cor re la tion co ef fi cient ρ.  
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