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The Cramér-Rao Lower Bounds (CRLB) are derived for the dis place mentand strainestimationin di-
rec tions or thogo nal to the ul tra sonic beam axis, us ing a pre vi ously-described recorrelation method of
axial, lateral and elevational mo tion es ti mation. We also com pare itto the lat eral tracking method that
involvesthe sole use of the ax ial sig nal inthe trans versedirection. Ourtheoretical r esults, verifiedwith
simulationsand phantomexperiments, showthatelastography iscapable of measuringaxial and trans-
versestrainatupto10%axiallyap pliedcompression. Finally, we predictthe per formanceoftheestima-
tion ofthe Poisson’sratiousing de coup led axial and lateral esti mates that re sult from the recorrelation
method.
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1. INTRODUCTION

Elastographyisanimag ingtechniquethatde pictsthe local strainex perienced by theul tra-
son i cally-scanned tis sue un der astatic com pres sion. Most com monly, tis sue strainisesti -
matedintheaxial direction; i.e., paral lel tothe ul trasonic beam sym metryaxis, whichi s also
thedirectionofthe ap plied com pression. The ax ial tis sue strain is com puted by tak ing the
gradient ofthe ax ial dis place ment that oc curred due to the ap plied com pression. Theaxi al
displace mentisesti mated by using cross-correlation tech niques to com pute the lag be tween
pre-and postcompressionul trasonicsignals. * Therefore, initscurrentpractice, elastography
esti mates strain in one di rec tion only, while as sum ing that strains in all other di rec tions are
com par atively smalland, there fore, neg li gible. However, Kallel etal *haveshowntheoreti-
callyandexperimentallythatthisassumptionmayleadtomajorestimationerrors,especially
in the case of rel a tively larger strains.

Theseerrorsare duetothe fact that the esti mation of strainin tissues un der com pression is
inreal ity athree-dimensional prob lem, i.e., the three or thogo nal strain com po nents are not
separableifthetissueisincompressible. Therefore, theestimationof onestraincomponent,
as is the case in elastography, is corrupted by decorrelation noise due to motion inan or-
thogonaldirection. Correctionsshould, there fore, be per formedinordertore ducethese er-
rors. Infact, the couplingcoefficientbetweenstrainsinorthogonal directionsisdescribed by
ame chanical param e ter, the Pois son’sratio (de fined as the ratio of two or thogo nal strain
components).

Re cently, Konofagou and Ophir’ de vel oped amethod that com bines cross-correlation and
inter polationtofirstesti mate lateral dis place mentand strainwith high sig nal-to-noiseratio,
and then use those displace mentesti matesto cor rect the strain estimation inan or thogo nal
direction. First, the postcompression rf sonogramun der goes global stretch ing by theamount
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ofaxialcompressionapplied,inordertoincreasethecorrelation (or,achievearecorrel ation)
of the ini tial precompression with the cor rected postcompression rf sonogram. * Then, the
lateraldisplacementisestimatedusinganinterpolationtechniguetoovercometheinterbeam
spacing (or, pitch) limitationimposedbythetransducercharacteristics,and crosscorrel ation
(inthe trans verse di rec tion) of the short precompression with the stretched postcompression
axial rfsegments. Theresulting high pre cision lateral dis place mentisthenusedto (a) esti-
mate the lat eral strain and (b) shift the postcompression rf seg ments in the (op po site) lat eral
direction by the amount of estimated displacement. The latter step also achieves recor-
relation of the seg ments by re duc ing decorrelation due to lateral mo tion. Theaxial straini s
then es ti mated by us ing the ini tial pre- with the cor rected postcompression sonogram. The
same prin ci ple can be ap plied in a 3D set ting, where cor rec tion for the ax ial mo tion foral |
transverse (or,orthogonaltotheaxial direction) motionestimationisappliedandvice versa.®

This method is called the ‘recorrelation method’ be cause it achieves an in crease of the ax-
ial and lateral correlation coefficients (or, axial and lateral recorrelation, respectively)
through cor rec tion for the cor re spond ing motions. This tech nique as sumes the use ofasin-
gle transducer/compressor unit and makes no assumptions regarding the compressibility
propertiesofthetissue. Further more, theuse ofinterpolationovercomesthetransducerele-
mentpitch limitationand provideshigh pre cision lateral dis place mentesti mates. Kallel et
a? have shown thatthe cor re lation co ef fi cient be tween echo seg ments de pends on the scal -
ing of the sig nal in the ax ial di rec tion due to strain and the dis place mentin the lat eral direc-
tion. There fore, this cor rec tion method uses tem po ral stretching inthe ax ial di rec tion® and
corrects for lateral motion® to com pen sate for lat eral decorrelation. Finally, the lo cal Pois-
son’sratioisestimatedusingdecoup ledaxial and lateral esti mates.

Most ul trasound-related pa pers deal ing with the biomechanical prop er ties of tis sues and,
moreprecisely, thereconstructionoftheelasticmodulus™ have as sumed thatall tis sues are
incompressible, withaconstantPoisson’sratiovery closeto0.5. However, some patho logi-
cal tissues such as edematous muscle tissues, *, lung tissue” (n = 0.3) and cartilage® (n =
0.18) have been shown to have lower Pois son’s ra tios and thus the sim ple a-priori as sump -
tion of incompressibility™ may re sultinerrone ousimaging of the elastic modu lus. There-
fore, map pingthe Poisson’sratiointissuesservesadouble pur pose: itcan help (a) ver ify the
theoretical assumption and (b) detect anisotropic, viscoelastic and/or poroelastic tissues
withamultitudeofapplicationsinthemeatindustry,tissueengineeringandedematreatment
monitoring’.

Previously-developedthe ory for lateral motion es ti mation in volved ei ther the use of the
lateralenvelope*® ora2D ker nel  inthe esti mation of lateral motion. Bonnefous' firstin-
troducedamethod forusingthe 1-D ax ial infor mation for 1-D lateral trackingand ap plied it
to flow measurements. In this paper, we investigate the theoretical limits involved in the
strain estimation in a nonaxial direction as measured using the aforementioned method®
whilecom paringittothealter native of usingthe lateral enve lope. The formerinvolves the
useoftheaxialphaseinthelateral directionaftercompensationforaxialdistortion, whilethe
latter consid ers the use of lat eral en ve lope for motion esti mation, i.e., the ab sence of axial
phase. Through outthispaper, the ory isde vel oped for lateral es timation but itcan be used to
encompassestimationinanytransversedirection.

In elastography, the strain fil ter'® serves both as athe o reti cal frame work and apre dic tion
tool for ax ial strain es ti mation. The strain fil ter shows that the es ti ma tion of low strai ns is
mainly corrupted by random noise, while the estimation of higher strains is limited by
decorrelation noise due to both ax ial and nonaxial motion. Inthis study, we de velop simi lar
theoretical prediction tools that will show the theoreticalrelationship between several pa-
rameters: (1) ultrasonic parameters, such as the beamwidth, the interelement spacing (or
pitch) and the center fre quency; (2) sig nal pro cess ing param e ters, such as the num ber of i n-
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terpo lates; and (3) me chani cal parameters, suchasthe Poisson’sratio. Togetherthey deter-
mine the estimation of transverse displacements and strains. Finally, we develop optimi-
zationcriteriabasedonthesetheoretical predictions.

2. THEORY

Ina 2D scan ning model witha 1D trans ducer, the point-spread func tion (psf) may be writ-
tenasaseparable function inthe focal area, ® viz.

P(X, Y) = P, (X) P (Y) 1)

where xand yaretheaxialandlateral coordinates, respectively,and p,(x)and p,(y) are the ax-
ial and lateral psf components, respectively. If we assumeaGaussianmod u lated emitted
pulse, the ax ial psf com po nent be comes

X , )
p,(X) = Ae == cosé%p %9
e |o

andthe lateral psfcomponentofanunapodized, box cartransduceraperture (notconsidering
grating lobes) is ®

&, é Dy uo z A (3)
csingr— cangPy W
o(y) =66 XU ¢ 8F
¢ épDyu T G épyu *
g &l % o & 8Fl &

where xistheaxialcoordinate, s, isthe pulselengthinmm, | isthecentral wave length of the
emitted pulse, D is the azimuthalaperture width, y is the lateralcoordinate, x, is the focal
lengthand F is the F-number of the trans ducer given by

X (4)

Usingthistheoreticalmodel, weeval uate the fundamental limitsonestimationofthe lat-
eral displace ment, lateral strainand Poisson’sratio. Inthe case of lateral motion estimation,
we considertwo 1-D cases. First, the case where the lateral en ve lope is used for lat eral track-
ingandsecond, the case where the ax ial sig nal isused inthe lateral di rec tion for motion esti-
mation in the same direction.

A. Theoreticalboundsontheestimationoflateral displace mentandlateral strai n

1. Using the axialsignal

Inthissection, we de velopthe the ory that de scribesthe use of 1D axial sighal in formati on
for 1D lateral dis place ment, straines ti mation and recorrelation and then con trast it with t he
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per for mance of the lat eral en ve lope method pre vi ously de scribed. The lateral strain is de-
fined as the gradi ent of the lateral dis place ment, i.e.,

-ty (5)

g =—2—=

Db

where £, and f,, are two lateral displacement estimates (or, lateral shifts) computed by
crosscorrelating pre-and postcompressed rf (ax ial) seg ments (sep arated by a lat eral dis tance
Db, whichinthis case isequal to the pitch). Inappendix A, based onthe derivationby Zagar
etal, ® weshowthefollowingexpressionlink ingthe normalizedstandarderrorintheestima-
tion of the cross-correlation function (R, (t)) to the vari ance of the es ti mate of the shift t,
s*(f),

(6)

ez[élz(t )] @? (pB)2 :'/g(pfo)z %284(1?)

where Bisthe band width, f,isthe centerfre quency ofthe transmitted pulseand f istheesti-
matedtime de lay. Eq. (6) isthe firstterm of a Tay lor ex pan sion ap prox i mation and was de-
rivedunderthe valid assump tionsthat the precompressed and postcompressed sig nalshave a
Gaussianamplitudedistributionandthatbothintegrationtime and the time-bandwidth prod-
uctaresufficientlylarge,i.e., T 10/t|and BT? 5, where Tisthewindowsize. Throughoutthis
section,denotestheesti mated value ofaparameteranditsabsence de notesthetrue val ue of

thesameparameter.
By definitionofthe nor malizedstandarderror e, we have™
2l B 7
R i 0 K
Rz (t)
I [PH0]
- 2
r(t)
= A?[F,(1)] ®)

where Aisanassumed con stant of pro por tion al ity be tween the er rors inthe es ti mations of
thecrosscorrelationfunctionandcorrelationcoefficient,and r ,, isthecorrelationcoefficient
given by

R, (t) ©
R (0)R,(0)

rp(t)=

and R, (0) and R, (0) are equal to the autocorrelations at t = 0 of pre- and postcompressed
sig nals, re spec tively. From Egs. (6), (7) and (8) we ob tain
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(10)

sz[flz(t)]@%gz b8y +3('°f )2 “(f)rlz(t)

How ever, since we are es ti mat ing the peak of the cross-correlation co ef fi cient, the true cor-
relationcoefficientisone,i.e., r >, (t) = 1(wheret isthe lag, atwhich r?,, ismaximum)and,
therefore, Eq. (10) becomes

<2 (11)
o 1& (pB) +3(pfy) © A
s2[F ()] @_QZMI s*()
AS B
Boththeaxial displacementestimationandthe lateral trackingmethodsusethecorrelation

coefficient of the axial signal, r ,, =, to estimate the axial shift (f,) and lat eral shift (£ ).
There fore, Eq. (11) be comes

(12)

%gz(pB')zE(pfO')Z ‘g 54(f|)=%§2 (EB.Y :’/g(pfoa)z (g s4(,)

') oot 312 ,)

OIﬂ

:@ +3f0a 4t
& g (t.)

since for the band width and cen ter fre quency of the lateral PSF, we have, re spectively, B, @
1b, where b isthe band width,and f, = 0(see Eq. (A.1)). Wethen find the re la tion ship be -
tweenthestandarddeviationofthe lateral shiftestimateandthestandarddeviationof the ax-
ial shift es ti mate to be

s(f,)=Bb /1%5 €.) =
or
s(f,)»|£ /1+b—3zs(fa)
p 1
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where | de notes the pulsewidth or range gate size ( @L/b), B = B, and b, is the fractional
bandwidth (=B ff ). Eq. (13) can also be writ ten as fol lows

st) Alguig (14)

s€.) L

where A, =\/1+ 3/bZ. EQq. (14) is very important in the sense that it shows that the
estimation of the lateral versus the axial shift (or, displacement) is related to the ratio of the
lateral to the axial ultrasonic resolution (assumed equal to the pulsewidth). In other words,
the closer the lateral resolution to the axial resolution, the more comparable the two
estimations become. In atypical ultrasound system setting, we have b, = 0.6 (60% relative
bandwidth), a beamwidth equal to 1 mm and a range gate size also equal to 1 mm. ? In that
case,s(f,) @3s(f,). Inamore preferred setting, the relative bandwidth is 100% and then
s(f,) @s(t,). The additional advantage of increasing the relative bandwidth is the fact
that the estimation of the time shift fur ther im proves. ® However, although Eq. (14) implies
that the axial and lateral shifts can be estimated at comparable precision, the lateral shift
estimation should be more corrupted by estimation noise. The fundamental principle behind
this comparable precision is that the correlation coefficients describing the estimation of
axial and lateral motion are equal (see figure 9) and this is achieved only when motions are
decoupled and corrected for, i.e., with the recorrelation method.

Inordertodeter minethe Lateral Strain Filter (LSF), which describestheestimationoft he
lateral strainfromthe lateral shifts, or dis place ment, esti mates, we needtoassociatet he vari-
ance of the lat eral strain to that of the lat eral dis place ment of Eq. (12). From Eq. (1), the
vari ance of the strain es ti mate is given by

s2( )= sz(f,1)+52(f:)232- 2cov(f.f),) (15)

2324

. Thevan Cittert-Zernike the orem™* pre dicts that for two points in anonapodized, rectan-
gular array with common transmit and receiveelements, thecorrelationcoefficientof the
speckle echo datare ceived atthe two el e ments atadis tance Db and since the two lat eral shift
esti mates are also taken at the same dis tance Db apart, is given by

rf|1,f|2 »83'- %bg o
e (5]

where b is the -6 dB beamwidth. Since
COV(f|1'f|2): r f,l,f|25(f|1)5(f|2) 17

byassumingthat

S(f|):5(f|1)25(f|2) (18)
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we obtain from Egs. (15), (16), (17) and (18)

25°(1)- 25°€) - Rbe
%)

Sz(él)_ D)z

282(t )ﬁ D_
b

Db? e

§|'|8

_2s%())
" bDb

whichissim i lar to the re sult in the case of the ax ial strain es ti ma tion vari ance de rived by
Céspedes et al.

The lower bound of s (£ ) is given by the Ziv-Zakai lower bound®, i.e.,

=
f_D.
s

,BTSNR. <g

[EnN
N

| . 2y (20)
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Theup perboundonthesignal-to-noiseratiointhe lateral strainestimationisde fined by

— (21)

where &, is the mean lateral strain esti mate, and, in com bi na tion with Egs. (13) and (21),
leads to the Lateral Strain Fil ter (LSF) for mulaex pressed by
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(22)
I _ 3 2
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0 >
i 30(B2 +31 )e_ 1+—1 210
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1
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2
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T
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=  BTSNR, <
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|
T

where SNR.and SNR, are the sonographic and composite signal-to-noise ratios, ® respec-
tivelyand hand g arethethresholdlimits. ® The reader should note thatthe cor re lation co ef-
ficient r isthe same in both the Ax ial Strain Fil ter (ASF) and Lat eral Strain Fil ter (LSF) and
is given by

r=r,r, (23)

wherer , is the axial correlation coefficient given by Eq. (2) (we assume that the psf can be
characterized by the autocorrelation function and vice versa) and r , is the lateral correlation
coefficient given by Eq. (3) and

(- ne,x%)? 0

b> 5

x
ri(%)» expl- A
& o

or

( ne (x X)) 0 . 24)

ﬂ

r(x- X)» expg

where xand Karethetrueandesti mated lateral corre lation peak positions, re spectively,and
A is a con stant that ad justs for the beam level, where the beam width is mea sured, and the
sinc-to-Guassian equivalence. ® Interpolation tech niques are used to better es ti mate the true
peak due to the scarce lateral sampling. In other words, the dis tance be tween the true and
estimated cor re lation peak is re duced with the num ber of interpolates. Thistrans lates to the
fact that the ef fec tive pitch is also re duced due to the in ter po lation. Eq. (24) then be comes
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£ = Dbo 0
¢ ¢-ne, W+ N
r| » eng' Ae bz e —

or

(25)

1O

where Dobistheoriginal pitch ofad jacent A-lines (asde fined by theul trasonicsystem)and N
de notes the num ber of interpolates. From Egs. (22) and (25) it is im por tant to note that the
LSF de pends on the pitch-to-beamwidth ra tio; the higher the pitch-to-beamwidth ra tio (or,
equivalently, the lower the beam overlap), the higher the areaun der the SFand, there fore, the
better the per for mance of the esti mator (Figs. 1, 2).

From Eqg. (22) we can de duce that the pa ram e ters af fect ing the es ti mation of strain in the
lateral di rection are the beam width (Fig. 1), inter po lation (Fig. 2), pitch (Fig. 3), bandwidth
(Fig. 4), center frequency (Fig. 5a) and sonographic signal-to-noise ratio (Fig. 5b). From
Figs. (1)-(5), we con clude that the op ti mal con di tions for lat eral strain esti mation are high
cen ter fre quency, large band width, fine beam width (low beam over lap), high sonographic
sig nal-to-noise ratio, large pitch and in ten sive interpolation. The reader should note that the
beamwidth andthe center fre quency are notindependent. Exceptwhenoth erwise indi cated,
figures (1) to (5) were generated using 5 MHz center fre quency, 50% fractional band width, 1
mm beam width, 0.4 mm pitch, a 1000:1 in ter po la tion scheme and 40 dB sonographic sig -
nal-to-noiseratio. The ultrasonic parameterswere cho sento match those of ourex perimen-
tal setupusingareal-timelinearar ray scanner (Diasonics Spectrall, SantaClara, CA, USA).
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FIG.1 Dependence on the beamwidth (mm): 1 (solid), 2 (-.-), 3 (—-), 4 |, corresponding to overlaps of 6 0%,
70%, 80% and 90%, respectively.
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FIG. 2 Dependence on interpolation scheme: 1:1 |, 10:1 (—-), 100:1 (-.-), 1000:1(solid).
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FIG. 3 Dependence on pitch (mm): 0.4 (solid), 0.3 (-.-), 0.2 (—-), 0.1 {.corresponding to overlaps of 6 0%,

70%, 80% and 90%, respectively.

2. Using the lateralenvelope

A straight for ward lat eral track ing method, whose per for mance has been pre dicted in the
literature, “*** usesthe lateral en ve lope to es ti mate mo tion in the lat eral di rec tion. Be lowwe
derivethetheoretical resultforthismethodinitsapplicationoflateral strainestimation. Lat-
eral strain (&,) isthe dis place mentgradi ent, which isesti mated from twoad jacentdisplace-

ment esti mates sep arated by aspatial inter val (Dx), viz.

. _d,-d
= 2Dx1
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FIG.4 Dependenceonrelativebandwidth: 30%(.), 50% (---), 60% (-.-) and 80% (solid).

whered, isthedisplace mentestimateatlateral distance x,and d, is the Cramér-Rao Lower
Bound (CRLB)displacementestimateatlateraldistance x + Dx. The reader should note that
althoughthe parameterbeingesti matedisalsothe lateral displace ment, we choosetorefer to
itinthis section by ‘d’ in stead of ‘t” to em phasize the fact that in the for mer case, the lateral
envelopeinstead oftheaxialsignalisused. Sincethestrainestimateisobtainedfromalinear
combination of two randomvariables (dis place mentesti matesseparated by Dx), the vari -
ance of the strain estimator depends on the variance of the displacement estimator. As-
suming that the echo signal is stationary, the lower bound on the variance of the strain
estimate(s ) is ex pressed in terms of the lower bound on the vari ance of the dis place ment
estimates(s fj) in Céspedes et al. ®, and is given by

523255 (27)

¢ xDx

where x isthe length of the cross-correlation win dow and the dis place ment vari ance is given
by (as shown in appendixB)

3 €1 1 & U (28)
sz o % Slm, 1y 0
dCRBI 2 2xf 2 ar 28 NR? g a

where f,,, de notes the max i mum fre quency of the spec trum of the lat eral PSF, and c is the
speed of sound. Eq. (27) il lus trates that for a given win dow length (x) and over lap (Dx), the
strainvarianceisreducedwhenthevarianceinthedisplacementestimateisminimized. Fig-
ure 6 shows the ad van tages of lat eral track ing us ing the rf sig nal in stead of the lat eral enve-
lope. Itcom paresthe the o reti cal up per bounds onthe sig nal-to-noise ratio us ing the lat eral
envelopeversustherfsignaland showsanor der of mag nitude im prove mentusingthe latt er.
Thelateralenveloperesultcorroboratesothertheoretical resultsre portedinthelit eratureon
thepoorperformanceoflateraltrackingestimationusingthelateralenvelope. “** However,
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FIG.5 (a)Dependenceoncenterfrequency (MHz):3.5(,5 (—-),7.5(solid). (b) Dependenceon sonographic
sig nal-to-noise ratio: 40 dB (100) {, 20 dB (10) (—-), 0 dB (1) (solid).

the lateral en ve lope method suf fers from less decorrelation noise (at very high strains) where
the ax ial phase method fails and the com bi nation of the two meth ods can be use ful inady -
namic range ex pan sion method. 7

2. Verificationof LSF with simulationsandexperiments

Inor derto ver ify the the ory de scribed above, we gen er ated sim u lated and ex per i men tal
LSFswithspecificsignal processingandultrasonicparameters. Bothsimulatedandexperi-
mental LSFsweregeneratedbyplotting SNR_(cal culatedusing Eq. (21)) vs.theappliedaxial
strain, which, in the case of a homogeneous target, is assumed proportional to the tissue
strain. Inthe case ofthesimu lation, theanalytic so lution of aho mo ge neous phantomwith
stiff ness equal to 21 kPa and a Pois son’sratio of 0.495wasused. © Ax ial strains from 0.1%
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FIG. 6 Theoreticalupperboundplotsforlateralstrainestimationusingthelateralenvelope (andaxial (rf)sig -
nal (solid) for lateral strain es ti mation.

to 21% were applied in a 2D plane strain model. The pitch was equal to 0.4 mm and the
beam width equal to 1 mm, the lin ear in ter po la tion scheme was equal to 64:1, the cen ter fre-
quency was 5 MHz and the sonographic sig nal-to-noise ratio (SNR_) was 40 dB. In the case
of the experimentalverification, a 90 x 90 x 90 mm’ gelatin phantom containing graphite
scatterers(suppliedby Dr. TimothyHall *)was scanned us ing the Diasonics Spec trascan ner
withthesameultrasonic parametersasthoseusedinthesimulationverification, ex cept for
the beamwidth’® be ing equal to 0.4 mm and SNR, equal to 30 dB.* Anotherdifferencebe-
tween simulation and experiment is that motion in the experimental setting was three-
dimensional, while in the sim u lation a plane strain model was as sumed. Figure 7 shows the
theoretical,simulationandexperimental LSFsusingthespecificationsabove. Fivedifferent
renditionsofthe samehomogeneoustissueal lowedthe generation ofthe plotwitherror bars
equaltoonestandarddeviation. Figure8showsthetheoretical,simulationandexperimental
ASFs be fore and af ter cor rec tion for the lat eral decorrelation. Note how for both high and
low strains the simulated ASF after correction further approaches the theoretical upper
bound. According to Eq. (22), the lower beamwidth, lower SNR_ and 3D motion decor-
relation cause both ASFs and LSFs to have lower SNR_and DR, in the experimentalcase
(Figs. 7b, 8b) than inthe simu lation re sults (Figs. 7a, 8a). How ever, the most fun damen tal
conclusiontodrawfromfigures 7 and 8 isthatboth axial and lat eral recorrelation ex pandt he
dy namic range and in crease the over all sig nal-to-noise ratio at low as well as high strains in
both axial and lateral strain estimation. Therefore, estimation should be preceded by
recorrelation whether es ti mat ing strain in 1D, 2D or 3D. Finally, in fig ure 9, we ver ify with
thesamesimu lationsof figures 7 and 8 thatthe corre lation co ef fi cientsas so ci ated with the
axialandlateral displace mentestimatesfol lowthetheoretical equationsbothbefore and af -
tercorrectionforaxialand lateral de correlation (Egs. 23and 24). More im portantly, they at-
tain the same level only af ter recorrelation both at low and high ap plied strains (i.e., at low
and highdecorrelations), thereby showingthevalidity oftheassumptioninthederivation of
Eq. (12) inthe case of the recorrelation method. Finally, the lateral recorrelation achieves the
same result, i.e., stationarity of the correlation coefficient, as does the lateral confinement
shown in Kallel et al. > Asare sult, the lat eral con fine ment can be avoided in the case where
lateral tracking is per formed.
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FIG. 7 Theoretical(solid),(a)simulationand(b)experimental Lateral StrainFilters(LSF) with (—-) and with-
out Jaxialstretching.

2. Theoretical boundsontheestimationofthe Poisson’sratio
Thestandard de viationasso ci ated with the Pois son’s ratio esti mation can be given by

~ L 29
s, =s(i)=sgz 2 )
€. 2

where i is the estimated Poisson’s ratioand &, and &, are the estimated lateral and axial
strains, respectively. Bilgen® has shown that the strain esti mates fol lowa Gaussi andistri bu-
tion. Therefore, the two variables, i.e., axial and lateral strain, could be viewed as jointly
Gaussi an, and their joint prob a bil ity den sity func tion is equal to ®
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FIG.8 Theoretical(solid),(a)simulationand (b)experimental Axial StrainFil ters (ASF) with (—-) and with out
{lateral recorrelation.

10 0

5 & 1 ¢ 1 a e 2 g (30)
p(e..&) = — eXpg- 5 g—z- or 29 +q—2;:a
2ps,S\4/1- 1 é 2(1' r ) Sa SaS1 S

where r is the correlation coefficient, and s, and s, (given by Eq. 19) are the variances

characterizng axial and lateral strain estimations, respectively. Their ratio n= /e, has a
probabilitydensityequalto ®

s.s\1-r?/p (31)
p(n)= ) )
Sa(]_rsllsa)z-'-slﬁ'_r )
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FIG.9 (a)Theoretical(solid)andsimulation( ..)axialcorrelationcoefficientand (b)theoretical (solid)andsim-
ulation(—-) lateral correlation coefficientsbefore (thinline) and af ter (thick line) recorrelation (i.e., ax ial and lat-
eral corrections) at (i) 0.6% and( ii) 3% ap plied ax ial strain. Note that, fol low ing recorrelation, the ax ial and lat eral
corre lation coeffi cientsachieve the same level both at low and high ap plied strains. The decreaseinthecorrelation
at the edges in (ii) is due to the fact that mo tion was higher than the pitch (0.4 mm) and, there fore, could not be
tracked (no sig nal out side the scan). In (ii) b, the sig nal recorrelates with out track ing towards the edges be cause the
motion is large enough to al low recorrelation with ad ja cent A-lines.

whichsatisfiesthe condition®
op(n )dn =1 (32)
The vari ance of the ran dom vari able nis de fined as

S50 = - o b o
= ¢y*p(n )dn + ¢y *p(n )dn - 2¢pvp(n Yn

= *p(n )dn +V2p(n )dn - 2V¢yp(n )dn
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FIG.10 ThePoissonFilter: Thetheoretical (solidline) SNReintheesti mationofPoisson’sratioplottedagainst

thetrue Poisson’sratio fora2D model verified withsimulations (dotted line). Poisson’ sratio of 0 de notesatotally
com press ible mediumwhile avalue of 0.5 cor re spondstoato tally in com press ible me dium.

=Y ?(n)- v? (34)
where
Y ?(n)=cp?p(n)dn (35)
denotes the mean-square value and

v = ¢yp(n )dn (36)

is the def i ni tion of the mean of the ran dom vari able n.*
Using Egs. (34) and (36), we derive (usingan inte gral look-up table) the vari ance inthe es-
ti mation of the Pois son’sratio given by

. & J1-r?  rs?J1-r? (37)
s?(h) = &~ + = - 2rs;s,n+s?
g Ps, ps’
2 -
_l£_|9 lgsn I'S| 9.,]- ﬁz
pgSaB Cys?- rzsf%
where
~ ~,_COV(E,,E) (38)
r=rE.e)=—]_>—
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and where cov(é,,&,) is the covariance between the axial and lateral strains. The re-
correlation method achieves decoupling of the axial and lateral motions. There fore, after
decoupling, the lateral and axial strains can be considered uncorrelated, i.e., inEq. (37), r =0
and the variance can have a simpler form given by

. ) N0 (39)
s2=s2(fy=—L én- S1tan 2 (p)z- A2
Sa Sa ﬂ

The up per bound on the Poisson SNR_, de fined by

~ (40)
PSNRY® =
S n

can then be computed by using the Cramér-Rao Lower Bounds of the axial and lateral vari -
ances. Figure 10 was generated using Eqgs. (40) and (39) and plots the Poisson Filter, i.e.,
the upper bound of the Poisson SNR, versus the estimated Poisson’s ra tio, and corroborates
the theoretical result with 2D simulations using the analytical solution of a circular inclusion
embedded in an infinite background.® Note how the performance (measured by SNR))
improves at higher Poisson’s ratios and that the contrast-to-noise ratio should increase with
the higher contrast in Poisson’s ratios within the target. Since most soft tissues have
Poisson’s ratios close to 0.5, the Poisson’s ratio estimation method applied on soft tissues
should yield high quality Poisson’s ratio elastograms.

3. CONCLUSIONS

Inthisstudy, we de vel opedthe the oretical tool for pre diction of the per formance of lat eral
(or, transverse) motion estimation. The two estimators con sid ered were the recorrelation
method and the lat eral en ve lope method. The recorrelation method cor rects the ax ial sig nal
foraxialdistortionandtracksitinthelateraldirection. Thelateralenve lope method usesthe
lateralenve lopefor lateral track ing. We showed the oreti cally thatthe use of the axial signal
inestimating lateral motion leadstoasignificantin crease of the sig nal-to-noiserati o of the
lateral strainestimationcom paredtotheestimationusingthe lateral enve lopedueto thein-
herentprecisionoftheaxial phase. The performanceoflateraltrackingestimationincreases
with the band width, the cen ter fre quency, the pitch-to-beamwidth ra tio, the sonographic sig-
nal-to-noiseratio, theinter polationfactorandthe de gree of recorrelation (or, the cor relation
coefficient). The per formance ofthe lateral strainestimator using the recorrelation method
could be equal to that of the axial strain es ti ma tion within a fac tor of 2-3, as sum ing that t he
axialandlateralresolutionsareequallyclose. Thetheoreticalmodelswereverified using2D
simulationsandexperimentsonuniformphantomsandthetheoretical lateralaswellasaxial
Strain Filters before and after correction were corroborated. The significance of the
recorrelation was dem onstrated by show ing the in crease in the sig nal-to-noise ratioand dy-
namic range of the Strain Fil ters fol low ing the recorrelation. Finally, thethe oretical Poi sson
Filterwasde scribed that char ac ter izesthe estimation of the Poisson’sratio. The higher the
Poisson’s ratio to be estimated, the higher the signal-to-noise ratio in the estimation and,
there fore, in soft tis sues where the Pois son’sratio is close to 0.5, the es ti ma tor should yield
the best re sults.
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APPENDIX A

Derivationoftheexpressionrelating the variancesin the esti mations of the shift and
of the mag nitude of the peak cor relation

Inthissection, we derivethe ex pressionthatlinksthe variance inthe estimation ofthe cor-
relation peak magnitude to the variance in es ti mation of the lo ca tion of that peak, or esti-
mated shift. Thederivationisbasedonsimilarderivationsobtained by Jensen” and Zagar et
al” but here we ex pand them and take care of pre vi ous er rors made.

Inor dertoesti mate the vari ance in both the ax ial and lat eral shifts (and com pare them), we
need to de rive an ex pres sion that is gen eral enough to en com pass both cases. Both Egs. (1)
and (2) thatdescribetheaxialand lateral PSFscan be summarizedintothe fol lowingex pres-
sion, de scrib ing the autocorrelation of a pulse with power spec tral den sity of band width B
andcenterfrequency f, given by

_ o Sin(2pBt) (A1)
R(t ) = AB2PE ) oo5(2pf ¢
(t) T cos(2pfs )

where Aisascalingconstantthatalso com pensatesforthe Gaussi an-to-sincequivalence® in
the case ofthe axial PSF (Eq. (1)). The lateral PSF is given by Eg. (A.1), since in that casef,=
O0and B=1/b. By ap ply inga Tay lor ex pan sion on both terms of Eq. (A.1), we ob tain

& (2pBt) 6 (A2)
i CopBt - ~—2 = 2
R(t) = R(0)$ 6 jgﬁ_ Mg

& o

Thevariance intheestimation ofthe cor re lationpeak R(0) is definedas

s{RO)} =E{| RO - RO)|2} (A3)

and from Eq. (A.2) we have

e} =woel g Zloer rapry]e -1} a0

t

= R?(0) g% [(pB)2 + 3(pf0)2:E2 E{t 4}
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Byassumingthatthelocationt fol lows a Gaussi an dis tri bution with zero mean and vari-
ance s(t), we have® and Eq. (A.4) be comes

ez{fz(O)} = (2[(PB)2 +33(|0fo)2])2 s4() (A5)

isthe definition of the nor mal ized mean-square error. ** Eq. (A.5) ises senftial in the der i va-
tion of the Lateral Strain Filter predicting the performance of the lateral tracking and
recorrelation method.

APPENDIX B

Derivationofthe Lateral Strain Filter for motiontracking usingthe lateral PSF

Thebehavior of the up per bound ofthe SNR_asa function of lat eral tis sue strain at a fixed
window length formsabandpass fil ter inthe straindomain. The up per bound of the SNR, is
ob tained when the total tis sue strain (s) and the tight est lower bound on the strain es ti mation
standard deviation(s(8),,5 ,“’ the mod i fied Ziv-Zakai lower bound) is used to com pute
SNR, given by

NRYB = S (B.1)
S (8)zzLB,r

Incor porating the mod i fied Ziv-Zakai lower bound (ZZLB) ex pression for the time-delay
estimation (TDE) vari ance for lat eral the lat eral en ve lope from the treat ment of Weinstein
and Weiss® and us ing Eq. (B.1), we ob tain

i (s2)? (B.2)
i , 2f,Z/Q)NR, <
: 62Dz ( oy C) RC y
:
S %8) e, : Threshold y <(2fo,Z/)NR; <b
|
| ~ CRLB,r
TSZ(S)CRLB,r =Tn b < (2f,Z/c)NR,

@ The lower bounds on the strain estimation variance are denoted with an additional subscript r to indicate that
these variances are computed for partially correlated signals. These lower bounds converge to the classical
boundswhenr =1
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where SNR, rep re sents the com pos ite sig nal-to-noiseratio,and band y are the thresh olds
(Eq.(B.2)). Equation(B.2) il lustrates the two distinctoperating re gionsfor s ($) 5, , de-
pend ing on the value of (2f,Z/c)SNR,. Adistinctthresh old re gion is ob served be tween the
Cramér-Rao lower bound3q°’2 (CRLB) and the constant variance level. The variance in-
creasesexponentiallyinthisthresholdregion. ® Accurateestimationofthestrainispossible
only within the CRLB. Since the lateral envelope contains no phase information, the
Barankinbound (increased variance level due to peak-hopping er rors caused by the presence
of phase am bi guiities in RF sig nals) is ab sent.

Ex pression for the Cramér-Rao lower bound us ing the lat eral en ve lope

Inthissection, we de rivea CRLB ex pression for the vari ance of the dis place mentesti ma-
torus ing the lat eral en ve lope. The fol low ing der i vation is based on the treat ment for par-
tially correlated signals by Walker and Trahey.® The CRLB can be achieved only for
zero-strain. However, the expression of the CRLB derived by Walker and Trahey® in-
creases the bound on the vari ance to amore achiev able level by in cor po rat ing the ef fect of
signal decorrelation. The lowerbound onthe variance ofthe jitter forany un biased displace-
ment esti mator isgiven by Carter” as

A 1 B.3
s % (d)crep,r ? N C k) &)
(e k)21l 27 gk

-¥ 1- Cl’l P (k)

where Zisthe cross-correlationwin dow length, cisthe speed of sound intissue, k is the wave
number,and C . (k) is the magnitude-squaredcoherencefunctiondefinedas

Gr1 . (k) z (B.4)

C.., (k)=
L JG... (K) G, . (K)

whereG, . (k) is the cross power spec trum of the pre- and post-compression sig nals (r,(z)
and r,(2) respectlvely) whileG, ;. (k)and G, (k) aretheirrespectiveautospectra. Analyti-
cal expressions for the cross- and auto- -power spectra have been derived by Walker and
Trahey® for par tially cor re lated sig nals, and are given by

G, (K)=r 3,3, Gu(K) (B5)
G, (K)=32 Gu(K) +I 2 G,,(K)
G,, (K)=32 Gy(k)+J 2 G,,(K)

whereJ ., , J. ,J, ,J, aretherootmeansquared (rms)am plitudesof e, (2), e,(2),n, (2),
and n,(z) respectively, r isthecorrelationcoefficientbetween e, (z) and e, (z), G (k)and
G, (k)arefunctionsrep resenting the shape of the sig nal and noise power spec trascaled such
thattheir integral isunity. Inaddition, the cross cor re lation be tween e, (z) and e, (z) isas-
sumed to have the same shape as the auto-correlation of ei ther sig nal, scaled to ac count for
sig nal decorrelation and sig nal am pli tude. The re sults in Eq. (B.4) are sub sti tuted into Eq.
(B.3) to ob taina lower bound on the per for mance of the dis place mentes ti martor.
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Toobtainaclosed formso lu tion, bandlimited spec traare as sumed for both the sig nal and
the noise and span ning the same fre quency spec trum. For the lat eral PSF (sinc squared), we
obtain a triangularspectrum

1. |k (B.6)
Gee(k):Gnn(k):%l- o foy EKE T,

fo elsewhere

wheref, =12z/D,forcenterwavelengthl ,range zandaperturesize D. Theequivalentsquare
spec trum for the sinc squared func tion is given by

11 ®7)
L0 =6, (=T, /2 EKE T2

f
{ O elsewhere

Substituting Eq. (B.6) into Eq. (B.7), and com put ing the lower bound on the dis place ment
estimationvarianceweobtain

¢ €1 e, 1 o U (B8)
2 217

Xfoy @r é S\”:'21 ﬂg S\IRZ ﬂ u
where SNR, =J, /J, and SNR, =J, /J, are the electronic (sonographic) signal to

noise ratios in the pre- and post-compression sig nals. Generally SNR, @8NR,, leadingtoa
simplificationoftheexpressionforvariance ofthedisplace mentestimator, thatisgi ven by

s? (a) CRBr °

3c élai 1 ¢ .U (B9)
2p2Xf0y@r 8 NR*g  §

S Z(a Jers, 3

Thisexpressionpredictsthe lowerbound onthejittererrorsincurredwhileestimating the
displacement between two partially correlated lateral envelopes corrupted by electronic
noise. ThecorrelationcoefficientusedinEg. (B.9) varieswithappliedstrainandisitselfalso
de pendenton the win dow length (X) used to com pute the nor mal ized cross-correlation func-
tion. An expression for the effective lateral correlation coefficient that depends on tissue
strain, lateral en ve lope decorrelation and the fi nite length win dow is de rived in the next sec-
tion.

Expressionfortheeffectivelateral correlationcoefficient.

The following expression for the correlation coefficient is based on the treatment of
Bilgen and Insana® and is mod i fied in this work for lat eral en ve lopes. For the tis sue and ul -
trasound system model de scribed in section 4.5, the cross-correlation func tion, be tween the
pre- and the post-compression signalsiscal culatedusing

; 172 (B.10)
<G12(Z(l)>: 7 O.(z- z9r,(2) dz

-Z12



TRANS VERSE DISPLACE MENT, TRANS VERSE STRAIN AND POISSON’SRATIO 175

where the square bracket <. >de notes the ensem ble av erage, and zdde notes the shift vari-
able. Theautocorrelation functions Gh (tz) for the pre- and G,, (z ¢ for the post-compression
signals are also computed. Theef fective correlationcoefficientcanbewrittenas

G0 _, Y (B.11)
V61062 (0)

r =

Theterm r ., representsthe peak corre lation co ef fi cient due to the two-pointen sem ble
averaging (Bilgenand Insana®). The peak cor re lation co ef fi cient for lateral en ve lopes can
be ex pressed as fol lows

/4
(sz + LZ)U (Lf +a L2)1 (B.12)

' PEAK =

where

1+a?

he=i+ 2 1

Thefactor MinEq. (B.11) is due to the fi nite ness of the win dow length and is given by the
integral

(B.13)

For zerostrain, s=0, a=1and one canshow that M=1inthe limit. Non zero strains, on the
other hand, yield M<1 and consequentlyreducesthecorrelationcoefficientr .
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